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A general method is introduced for verifying multitime quantum correlations through the charac-
teristic function of the time-dependent P functional that generalizes the Glauber-Sudarshan P func-
tion. Quantum correlation criteria are derived which identify quantum effects for an arbitrary num-
ber of points in time. The Magnus expansion is used to visualize the impact of the required time
ordering, which becomes crucial in situations when the interaction problem is explicitly time de-
pendent. We show that the latter affects the multi-time-characteristic function and, therefore, the
temporal evolution of the nonclassicality. As an example, we apply our technique to an optical para-
metric process with a frequency mismatch. The resulting two-time-characteristic function yields full
insight into the two-time quantum correlation properties of such a system.
PACS numbers: 42.50.-p, 03.65.Wj, 42.50.Xa, 03.65.Db
I. INTRODUCTION
The determination of nonclassical effects, such as
squeezing [1] or entanglement [2, 3], is a cumbersome,
yet necessary task for employing these phenomena in fu-
ture quantum technologies. However, most approaches
are restricted to single-time quantum effects, albeit it is
well known that there exist multitime correlations [4] and
quantum effects. For instance, the fundamental photon
antibunching experiment requires correlating two points
in time [5].
To uncover the dynamics of nonclassicality, the treat-
ment of multitime nonclassicality is therefore a desirable
aspect to be studied. Based on the well-known Glauber-
Sudarshan P function [6, 7], an approach to infer space-
time-dependent quantum correlations of radiation fields
was introduced by defining a generalized P functional [8].
The resulting nonclassicality criteria yield a general in-
sight into multitime quantum correlation functions be-
yond the photon antibunching effect.
Other characterization techniques have been intro-
duced by Leggett and Garg [9]. They prove that tem-
poral correlations can violate Bell-like equalities based
on assumptions of macroscopic realism and noninvasive
measurements. Such a test was recently applied to multi-
level systems [10]. Another approach is the consideration
of bits of classical communication that are required to
simulate a temporal correlation function of a multilevel
system [11]. Considering other types of correlation func-
tions, one can study the temporal dynamics of a coupled
optomechanical system [12].
To keep the close relation between the treatment of
the P function and the P functional, we will consider its
Fourier transform, i.e., its characteristic function. For
a single point in time, it is known that the characteris-
tic function yields necessary and sufficient nonclassical-
ity certifiers [13], which can be directly applied to mea-
surements [14, 15]. Moreover, the characteristic function
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method can be related to moment-based techniques [16]
to formulate unified nonclassicality criteria [17].
In the present contribution, we generalize the non-
classicality criteria in terms of characteristic functions
to identify multitime nonclassical correlations. The de-
rived conditions lead to an infinite hierarchy of necessary
and sufficient nonclassicality probes for temporal quan-
tum correlations in radiation fields. In general, the in-
vestigation of temporal correlations requires appropriate
techniques, in particular, when the interaction problem
under study is explicitly time dependent. For this pur-
pose, we will apply the Magnus expansion of the unitary
time-evolution operator to analyze the impact of time
ordering on the evolution of nonclassicality. As a fun-
damental example, we provide a detailed study of the
quantum correlations of a parametric process with a fre-
quency mismatch.
The paper is structured as follows. In Sec. II we reca-
pitulate the concept of multitime nonclassicality. Neces-
sary and sufficient conditions for time-dependent quan-
tum correlations are derived in terms of multi-time-
characteristic functions in Sec. III. Section IV deals with
the application of the methods to a parametric pro-
cess with frequency mismatch. The corresponding time-
dependent quantum effects are uncovered in Sec. V. A
summary and some conclusions are given in Sec. VI.
II. MULTITIME NONCLASSICALITY
A well-established definition of nonclassicality of a ra-
diation field is related to the Glauber-Sudarshan P func-
tion [6, 7, 18–20],
P (α) = 〈:δˆ(aˆ− α):〉. (1)
Herein, δˆ denotes the operator-valued δ distribution, and
aˆ is the bosonic annihilation operator of the radiation
mode under study. The prescription : · · · : orders creation
operators to the left of annihilation operators. On this
basis, a quantum state is referred to as nonclassical if
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2the P function fails to have the properties of a classical
probability density [18, 19]. That is, P (α) cannot be
described by the classical theory of light. Note that a
generalization to multimode fields is straightforward.
In correlation measurements, observables become rel-
evant which depend on a set {ti}ki=1 of points in time.
For example, two-time intensity correlation functions
are recorded in photon antibunching experiments [5].
Higher-order correlations of general field operators de-
scribe the full quantum statistics of the radiation field
in chosen space-time points [8, 21]. Thus, to com-
pletely cover the multitime nonclassicality, we consider
the P functional [8],
P
[{α(ti); ti}ki=1] = 〈 ◦◦ k∏
i=1
δˆ(aˆ(ti)− α(ti)) ◦◦
〉
. (2)
The symbol ◦◦ . . . ◦◦ represents the normal- and time-
ordering prescriptions. Due to the latter, creation (an-
nihilation) operators are sorted with increasing (decreas-
ing) time arguments from left to right [20] as it occurs in
the photocounting theory [22].
With the introduced functional, the normally and
time-ordered expectation value of an arbitrary observable
Oˆ = Oˆ(aˆ(t1), . . . , aˆ(tk)), which depends on the bosonic
creation and annihilation operators at different times,
can be written as
〈 ◦◦ Oˆ(aˆ(t1), . . . , aˆ(tk)) ◦◦ 〉 (3)
=
∫
d2α1 . . .
∫
d2αkO(α1, . . . , αk)P
[{αi; ti}ki=1],
where we identified αi = α(ti). Using Eqs. (2) and (3),
multitime nonclassicality can be defined as follows [8]: A
radiation field shows nonclassical correlation properties
if and only if
∃fˆ : 〈 ◦◦ fˆ†fˆ ◦◦ 〉 < 0. (4)
Here, fˆ = fˆ(aˆ(t1), . . . , aˆ(tk)) connotes an operator func-
tion of the bosonic creation and annihilation operators
at different times. Note that these nonclassicality condi-
tions include the ones in Refs. [18, 19] for a single time.
III. CHARACTERISTIC FUNCTIONS AND
QUANTUM CORRELATIONS
A. Space-time nonclassicality criteria
The Fourier transform of the multitime P functional in
Eq. (2) defines the corresponding characteristic function,
Φ({βi; ti}ki=1) =
〈 ◦◦ Dˆ({βi; ti}ki=1) ◦◦ 〉. (5)
Here, the multi-time-displacement operator reads as
Dˆ({βi; ti}ki=1) =
k∏
i=1
exp
[
βiaˆ(ti)
† − β∗i aˆ(ti)
]
. (6)
Characteristic functions are experimentally accessible,
for example, via balanced homodyne correlation mea-
surements [21] of the multi-time-characteristic func-
tion (5). In the classical probability theory of stochas-
tic processes, the coherent amplitudes {αi(ti)}ki=1 define
a set of random variables, distributed according to the
classical analog of the P functional (2). Their char-
acteristic function (5) is a unique characterization in
Fourier-transformed phase space, given by the variables
{βi; ti}ki=1. As the P function at a single time can be
highly singular, the same holds true for the general mul-
titime functional. However, the characteristic function is
always well behaved, which will also be discussed in the
continuation of this paper and, therefore, much better
suited for uncovering nonclassical features.
We may expand each operator function in Eq. (4) in
terms of a Fourier series,
fˆ =
O∑
j=1
fjDˆ({βi,j ; ti}ki=1) (7)
for some complex amplitudes (index j) at different points
in time (index i), βi,j , and a given order O. This expan-
sion (7) is the multitime generalization of the single-time
case [16, 23]. Inserting Eq. (7) into Eq. (4) and using the
definitions in Eqs. (5) and (6), we obtain
0 > 〈 ◦◦ fˆ†fˆ ◦◦ 〉 =
O∑
l,j=1
f∗l fjΦ({βi,j − βi,l; ti}ki=1)
= f †Φ({ti}ki=1)f , (8)
where the latter vector-matrix notion consists of the ma-
trix Φ({ti}ki=1) = [Φ({βi,j − βi,l; ti}ki=1)]Ol,j=1 and the co-
efficient vector f = (f1, . . . , fO)
T.
Applying Bochner’s theorem for classical probabili-
ties [24], condition (8) certifies that the characteristic
function (5) cannot be interpreted as the Fourier trans-
form of the classical analog of the P functional (2). More-
over, Bochner’s conditions are necessary and sufficient
if all orders O and all βi,j are considered. Applying
Sylvester’s criterion and in analogy to Ref. [13], we get a
multitime generalization of hierarchies of nonclassicality
conditions. Namely, Φ({βi; ti}ki=1) is the characteristic
function of a nonclassical P functional if and only if
∃ O ∈ N, [{βi,j}ki=1]Oj=1 : detO
[
Φ({ti}ki=1)
]
< 0. (9)
Herein, detO denotes the determinant of the order O. As
det 1[Φ({ti}ki=1)] = Φ({0; ti}ki=1) = 1 (the normalization
of P ), the lowest-order nontrivial nonclassicality criterion
is obtained for O = 2. It reads
0 > det 2
[
Φ({ti}ki=1)
]
= 1− |Φ({βi,2 − βi,1; ti}ki=1)|2.
(10)
This lowest-order criterion only provides a sufficient con-
dition for nonclassicality, whereas the general nonclassi-
cality condition (9) is necessary and sufficient if all or-
ders O are considered. Again, for one point in time, we
3recover the single-time nonclassicality condition estab-
lished in Ref. [25].
Let us relate the definition of nonclassicality of multi-
ple points in time, i.e., the functional in Eq. (2) does not
describe a classical stochastic process [8] with the derived
criteria in inequality (9). The here introduced method is
based on the characteristic function. In contrast to the
P functional, this function is always well behaved and
does not exhibit singularities which are often present in
the Glauber-Sudarshan representation. As the charac-
teristic function includes all information about the quan-
tum systems for the considered times, our approach can
identify all nonclassical features which are present in the
P functional. In this sense, our method is equivalent to
the approach in Ref. [8], which, however, formulates the
conditions for nonclassical correlations in terms of time-
dependent correlation functions. Alternatively, the here
presented technique relies on a regular phase-space dis-
tribution in terms of the characteristic function and the
corresponding criteria in (9).
B. Time evolution and time ordering
In order to rigorously study the propagation of quan-
tum correlations in time, let us formulate the dynamic
behavior of quantum systems. The most general way to
implement the propagation in time is formulated in terms
of the unitary time-evolution operator Uˆ(t). For an ex-
plicitly time-dependent Hamiltonian Hˆ(t), the latter is
given by
Uˆ(t) = T exp
[
− i
~
∫ t
0
dt′Hˆ(t′)
]
, (11)
where T denotes exclusively the time-ordering prescrip-
tion, which is required if [Hˆ(t1), Hˆ(t2)] 6= 0 for t1 6= t2.
As such a formal solution is not very helpful, one can ap-
ply the Dyson expansion, Uˆ(t) = 1ˆ− i~−1 ∫ t
0
dt1Hˆ(t1)−
~−2
∫ t
0
dt1
∫ t1
0
dt2Hˆ(t1)Hˆ(t2) + . . . , which resembles a
time-ordered Taylor expansion of the exponential func-
tion in (11). Alternatively, this problem can be handled
by the Magnus expansion [26, 27], which yields the time-
evolution operator in the form
Uˆ(t) = exp
[
nmax∑
n=1
Ωˆn(t)
]
, (12)
with Ωˆn(t) being the nth Magnus order and for nmax =
∞, the true evolution is recovered. In contrast to the
Dyson series, the Magnus expansion is unitary in each
order. The first two orders read as
Ωˆ1(t) = − i~
∫ t
0
dt1Hˆ(t1),
Ωˆ2(t) = − 1
2~2
∫ t
0
dt1
∫ t1
0
dt2[Hˆ(t1), Hˆ(t2)]. (13)
Hence, nonequal time commutators of the Hamiltonian
Hˆ(t) have to be evaluated. The first-order approxima-
tion (12) nmax = 1 is equivalent to disregarding the time-
ordering T in Eq. (11). Higher Magnus orders, Ωˆn(t)
with n > 1, can be referred to as time-ordering correc-
tions.
Thus, an effect of the time ordering can be observed
if the higher-order corrections are nonzero. In particu-
lar for the second order, this means that the Hamilto-
nians of the system for different times do not commute,
see Eq. (13). The Magnus expansion and the hierarchy
of introduced nonclassicality criteria (9) –including the
special case (10)– enable us to directly investigate the
impact of time-ordering effects on the nonclassicality.
IV. APPLICATION TO PARAMETRIC
PROCESSES
As a fundamental example, we study the particular
process of degenerate parametric down-conversion for a
strong classical pump field in the following. In the inter-
action picture, the time-dependent interaction Hamilto-
nian reads as
Hˆint(t) = ~κ
[
e−iδtaˆ†2 + eiδtaˆ2
]
, (14)
where κ denotes the coupling constant and δ = ωp −
2ωa is a nonlinear frequency mismatch between the pump
frequency ωp and the signal frequency ωa. For a perfectly
matched pump, δ = 0, Eq. (11) without the time ordering
already gives the exact solution.
A related system has been studied recently [28, 29].
There, a two-mode Hamiltonian was considered with the
frequency spectrum using the Magnus expansion. In
Ref. [30], the authors have also studied parametric down-
conversion with respect to time-ordering corrections. In
contrast to those works, we aim at demonstrating the
impact of time ordering on the continuous evolution of
quantum phenomena.
Equivalent to the time-evolution operator in Eq. (11),
one can establish the coupled equation of motion in the
interaction picture for the signal field operators aˆ and aˆ†.
This reads as
d
dt
(
aˆ(t)
aˆ(t)†
)
=
(
0 −2iκe−iδt
2iκeiδt 0
)(
aˆ(t)
aˆ(t)†
)
= M(t)
(
aˆ(t)
aˆ(t)†
)
. (15)
Now, the formal solution in Eq. (11) is given by
−i~−1Hˆ(t) 7→ M(t) which also replaces the operator
Uˆ(t) by the unitary matrix U(t). This approach allows us
to express the time evolution in terms of matrices which,
then, can be directly applied to aˆ and aˆ†. In the same
way [Hˆ(t1), Hˆ(t2)] 6= 0 translates to non commuting ma-
trices M(t1) and M(t2).
For a rigorous formulation of our treatment, one has
to mention the convergence radius of the Magnus series.
4The series converges if the inequality,∫ t
0
ds‖M(s)‖2 < pi (16)
is fulfilled [27]. The convergence radius is the supreme
value for which this inequality is satisfied. Using Eq. (15),
one obtains the spectral norm as ||M(s)||2 = 2κ. For
convenience we introduce the dimensionless time τ =
2κt/pi. Thus, convergence is assured for τ < 1. To access
times τ ≥ 1, one can subdivide the evolution in adjacent
time intervals, known as the Euler method.
For our studied model, the Magnus expansion is com-
pletely determined by τ and δ/κ. This means that the
time evolution is given by the ratio of the mismatch and
the coupling constant as well as the characteristic sys-
tem time pi/(2κ). Using the matrix M(t) in Eq. (15), we
explicitly show that each Magnus order has the form
Ωn(τ) =

i|Cn|
(−1 0
0 1
)
for n even,
|Sn|
(
0 eiϕn
e−iϕn 0
)
for n odd,
(17)
where we use τ instead of the time t for parametrization.
The quantities |Cn|, |Sn|, and ϕn are obtained numeri-
cally, for details see Ref. [27].
With Eq. (17), the time-evolution matrix reads as
U(τ) = exp
[∑
n
Ωn(τ)
]
= exp [Ω(τ)]
= cosh(p)
(
1 0
0 1
)
+
sinh(p)
p
(−iC S
S∗ iC
)
, (18)
with C =
∑
n even |Cn|, S =
∑
n odd |Sn|eiϕn , and p =
[− detΩ(τ)]1/2 = [|S|2−C2]1/2. The nondiagonal entries
of U(τ) correspond to a map aˆ 7→ aˆ† (and aˆ† 7→ aˆ). Such
a transformation yields squeezing. The diagonal elements
can be related to rotations in phase space, which is a
classical effect.
An additional advantage of the dynamical representa-
tion in terms of Eq. (15) and its Magnus expansion is
the possibility of analyzing non-equal-time-commutation
relations of the fundamental bosonic annihilation (or cre-
ation) operators,
[aˆ(τ), aˆ(τ + ∆τ)]
= U11(τ)U12(τ + ∆τ)− U12(τ)U11(τ + ∆τ), (19)
where the components of the evolution operator are used
U(τ) = (Uij(τ))2i,j=1. The commutator (19) is, in gen-
eral, nonzero for time-dependent Hamiltonians and un-
equal times ∆τ 6= 0. Such commutation relations for
different points in time play a fundamental role in multi-
time correlation functions, see Ref. [20] for an overview.
The impact of the different Magnus orders (17) is vi-
sualized in Fig. 1 by showing the spectral norm of differ-
ent contributions ‖Ωn(τ)‖2. A large value of this matrix
norm relates to a more significant contribution to the
FIG. 1. (Color online) Density plots of the spectral norm of
different Magnus orders ‖Ωn(τ)‖2 for n = 1, 2, 10, 11. The
time-ordering corrections are most significant at values of τ
and δ/κ, where ‖Ωn(τ)‖2 for n > 1 attains its largest values.
evolution operator (18). The plot n = 1 describes the
case without any time ordering. The norms for n > 1
are maximal in the range of 1 ≤ δ/κ ≤ 5. Thus, the
strongest time-ordering corrections are expected to oc-
cur in this region. In particular, we will use the value
δ/κ ≈ 3.18 for the following discussions.
V. TIME-DEPENDENT QUANTUM EFFECTS
After discussing the modeling of the evolution with
time-dependent Hamiltonians, let us come back to the
verification of nonclassicality. According to our crite-
rion (10), we are able to verify nonclassical multitime
correlations if |Φ({βi,2 − βi,1; ti}ki=1)|2 > 1. Let us apply
this test to our considered system. Again, we will replace
the times ti with the scaled ones τi = 2κti/pi.
First, we study the evolution of the nonclassicality by
considering a single time k = 1 for discussing the time-
ordering corrections. Initially, the system is assumed to
be in the vacuum state. Thus, after a principal axis trans-
formation of β = β1,2 − β1,1 to a rotated complex am-
plitude γ, we can write the modulus of the characteristic
function (5) in the form
|Φ(γ; τ)|2 = eλ(Reγ)2+µ(Imγ)2 . (20)
If the maximal value λmax = λmax(τ) = max(λ, µ) is
positive, then the characteristic function exceeds one.
The results for different Magnus orders are given in
Fig. 2, where λmax is plotted as a function of τ . One
can see the time-ordering effects in the evolution for
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FIG. 2. (Color online) λmax, cf. Eq. (20), for Ω(τ) =∑nmax
n=1 Ωn(τ) and δ/κ ≈ 3.18 in dependence on the rescaled
time τ . A positive λmax verifies nonclassicality. The influence
of time ordering is clearly visible in the contributions of the
higher-order Magnus terms nmax > 1.
FIG. 3. (Color online) We show |Φ|2 ≡ |Φ({γi; τi}2i=1)|2. As
the value of one is exceeded for all times τ1,2 6= 0, the state is
clearly two-time quantum correlated. We included all Magnus
orders up to nmax = 11 in the evolution for δ/κ ≈ 3.18.
nmax > 1, which significantly affect the rising behavior of
the characteristic function and, therefore, the nonclassi-
cal character of the corresponding state. Note that times
close to the convergence radius τ = 1 show oscillations
when comparing even and odd nmax values because of the
alternating form of the contributions Ωn(τ) in Eq. (17).
Second, we study two-time nonclassical correlations.
We follow the same approach, such as in the single-
time case, i.e., a principal axis transformation: (β1,2 −
β1,1, β2,2 − β2,1) 7→ (γ1, γ2). Consequently, the two-
time characteristic function for the nonclassicality con-
dition (10) reduces to a form similar to (20),
|Φ({γi; τi}2i=1)|2 = exp
(
2∑
i=1
[λi(Reγi)
2 + µi(Imγi)
2]
)
.
(21)
The modulus square of the two-time characteristic
function is shown in Fig. 3. Note that due to the time-
ordering prescription in Eq. (5), one has to consider ac-
tually two scenarios τ1 ≥ τ2 and τ2 ≥ τ1. The quan-
tity (21) depends on two complex parameters (γ1, γ2).
We restricted ourselves to a unit circle (|γ1|2 + |γ2|2 = 1)
and selected phase values (arg γ1 = arg γ2 = pi/2),
which maximize the function (21). As the two-time-
characteristic function is larger than one, we directly un-
cover two-time quantum correlations for all times, except
for τ1,2 = 0. It is important to mention that the corre-
sponding P functional will be highly singular as an in-
verse Fourier transform of Φ is only possible in terms of
singular distributions as Eq. (21) is an unbounded func-
tion for max{λ1, λ2, µ1, µ2} > 0. Our results clearly vi-
sualize the two-time quantum correlations of our system.
Finally, another advantage of our approaches is the fact
that measurement schemes, e.g., as proposed in Ref. [21],
can be implemented which enables us to sample multi-
time-characteristic functions of arbitrary orders. This al-
lows one to directly implement our nonclassicality crite-
ria (9). Thus, quantum correlations between an arbitrary
number of points in time are experimentally accessible
and reconstructible.
VI. CONCLUSIONS
To summarize, we presented techniques for identify-
ing nonclassical stochastic processes in radiation fields
in terms of characteristic functions. The latter are the
Fourier transforms of the multi-time-dependent P func-
tional, generalizing the Glauber-Sudarshan representa-
tion. We constructed a hierarchy of necessary and suf-
ficient criteria for the characteristic functions that can
be applied to infer nonclassical correlations between an
arbitrary number of points in time. The influence of the
time ordering on the evolution of nonclassicality has been
studied via the Magnus expansion.
To demonstrate the applicability, we studied a degen-
erated parametric-down-conversion process with a fre-
quency mismatch. We identified time intervals where
the time-ordering corrections have the most significant
impact for our time-dependent Hamiltonian. Whenever
the temporal evolution of nonclassicality is studied in the
presence of a Hamiltonian not commuting with itself at
different points in time, this influences the nonclassical-
ity of the system. Based on the characteristic function,
we studied this temporal behavior of the nonclassicality
and demonstrated nonclassical correlations between two
points in time.
Our method can be generalized in a straightforward
way to simultaneously study multimode and multitime
correlations. Moreover, the decomposition of the light
field into a free-field and a source-field contribution al-
lows one to study nonclassical processes in light-matter
interactions. Especially the investigation of non-equal-
time commutation relations – including the description
of a dynamic source – is an interesting problem for future
studies. Eventually, this will lead to a deeper understand-
ing of the nonclassical evolution of quantum systems and
their resulting nonclassical correlations.
6ACKNOWLEDGMENTS
This work has received funding from the Deutsche
Forschungsgemeinschaft through SFB 652 and the Euro-
pean Union’s Horizon 2020 research and innovation pro-
gram under Grant Agreement No. 665148.
[1] D. F. Walls, Squeezed states of light, Nature (London)
306, 141 (1983).
[2] A. Einstein, N. Rosen, and B. Podolsky, Can Quantum-
Mechanical Description of Physical reality Be Considered
Complete?, Phys. Rev. 47, 777 (1935).
[3] E. Schro¨dinger, Die gegenwa¨rtige Situation in der Quan-
tenmechanik, Naturwiss. 23, 807 (1935).
[4] Y. Aharonov, S. Popescu, J. Tollaksen, and L. Vaidman,
Multiple-time states and multiple-time measurements in
quantum mechanics, Phys. Rev. A 79, 052110 (2009).
[5] H. J. Kimble, M. Dagenais, and L. Mandel, Photon An-
tibunching in Resonance Fluorescence, Phys. Rev. Lett.
39, 691 (1977).
[6] R. J. Glauber, Coherent and Incoherent States of the
Radiation Field, Phys. Rev. 131, 2766 (1963).
[7] E. C. G. Sudarshan, Equivalence of Semiclassical and
Quantum Mechanical Descriptions of Statistical Light
Beams, Phys. Rev. Lett. 10, 277 (1963).
[8] W. Vogel, Nonclassical correlation properties of radiation
fields, Phys. Rev. Lett. 100, 013605 (2008).
[9] A. J. Leggett and A. Garg, Quantum mechanics ver-
sus macroscopic realism: Is the flux there when nobody
looks?, Phys. Rev. Lett. 54, 857 (1985).
[10] C. Budroni and C. Emary, Temporal Quantum Corre-
lations and Leggett-Garg Inequalities in Multilevel Sys-
tems, Phys. Rev. Lett. 113 , 050401 (2014).
[11] S. Brierley, A. Kosowski, M. Markiewicz, T. Paterek, and
A. Przysiezna, Nonclassicality of Temporal Correlations,
Phys. Rev. Lett. 115, 120404 (2015).
[12] S. K. Singh and S. V. Muniandy, Temporal Dynamics and
Nonclassical Photon Statistics of Quadratically Coupled
Optomechanical Systems, Int. J. Theor. Phys. 55, 287
(2016).
[13] T. Richter and W. Vogel, Nonclassicality of Quantum
States: A Hierarchy of Observable Conditions, Phys.
Rev. Lett. 89, 283601 (2002).
[14] A. I. Lvovsky and J. H. Shapiro, Nonclassical character
of statistical mixtures of the single-photon and vacuum
optical states, Phys. Rev. A 65, 033830 (2002).
[15] A. Mari, K. Kieling, B. M. Nielsen, E. S. Polzik, and J.
Eisert, Directly Estimating Nonclassicality, Phys. Rev.
Lett. 106, 010403 (2011).
[16] E. Shchukin, T. Richter, and W. Vogel, Nonclassicality
criteria in terms of moments, Phys. Rev. A 71, 011802(R)
(2005).
[17] S. Ryl, J. Sperling, E. Agudelo, M. Mraz, S. Ko¨hnke,
B. Hage, and W. Vogel, Unified nonclassicality criteria,
Phys. Rev. A 92, 011801(R) (2015).
[18] U. M. Titulaer and R. J. Glauber, Correlation Functions
for Coherent Fields, Phys. Rev. 140, B676 (1965).
[19] L. Mandel, Non-Classical States of the Electromagnetic
Field, Phys. Scr. T12, 34 (1986).
[20] W. Vogel and D.-G. Welsch, Quantum Optics, 3rd ed.
(Wiley-VCH, New York, 2006)
[21] E. Shchukin and W. Vogel, Universal Measurement of
Quantum Correlations of Radiation, Phys. Rev. Lett. 96,
200403 (2006).
[22] P. L. Kelley and W. H. Kleiner, Theory of Electromag-
netic Field Measurement and Photoelectron Counting,
Phys. Rev. 136, A316 (1964).
[23] E. V. Shchukin and W. Vogel, Nonclassicality moments
and their measurements, Phys. Rev. A 72, 043808 (2005).
[24] S. Bochner, Monotone Funktionen, Stieltjessche Integrale
und harmonische Analyse, Math. Ann. 108, 378 (1933).
[25] W. Vogel, Nonclassical States: An Observable Criterion,
Phys. Rev. Lett. 84, 1849 (2000).
[26] W. Magnus, On the exponential solution of differential
equations for a linear operator, Comm. Pure and Appl.
Math. 7, 649 (1954).
[27] S. Blanes, F. Casas, J. A. Oteo, and J. Ros, The Magnus
expansion and some of its applications, Phys. Rep. 470,
151 (2009).
[28] N. Quesada and J. E. Sipe, Effects of time ordering
in quantum nonlinear optics, Phys. Rev. A 90, 063840
(2014).
[29] N. Quesada and J. E. Sipe, Time-Ordering Effects in the
Generation of Entangled Photons Using Nonlinear Opti-
cal Processes, Phys. Rev. Lett. 114, 093903 (2015).
[30] A. Christ, B. Brecht, W. Mauerer, and C. Silberhorn,
Theory of quantum frequency conversion and type-II
parametric down-conversion in the high-gain regime,
New J. Phys. 15, 053038 (2013).
